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1. INTRODUCTION 
The concept of limiting equations (system of equations) appeared in the 
qualitative theory of differential equations in connection with developing 
methods of unsteady motion analysis. Thus, N. G. Chetaev (1946), examin- 
ing linear systems with variable coefficients, suggested a way of estimating 
the lowest characteristic number on the basis of a limiting system obtained 
from the initial one with t increasing infinitely. Considering systems with 
variable coefficients N. G. Chetaev suggested a method of investigation on 
the basis of a limiting system obtained by substitution of constant coef- 
ficients for variable ones averaged over a period of time. This method in 
conjunction with that of Lyapunov functions was developed further, in 
particular in S. V. Kalinin’s works (1972). From this point of view the 
procedure of averaging in non-linear mechanics (N. M. Krylov and 
N. N. Bogolyubov, 1937) could be considered one way of obtaining a 
limiting system (an averaged system) which would subsequently be used as 
a basis for investigating unsteady motions. M. Sh. Aminov (1959) made a 
set of general statements on stability based on limiting systems and applied 
some of them to the problem of stability of a solid body with variable mass 
and to the investigation of the dynamics of similarly changeable bodies 
(D. G. Zejliger, 1892; M. Sh. Aminov, 1965). V. I. Zubov (1953) examined 
a pseudo-linear system and proved the property of asymptotic stability 
of its zero solution on the basis of a limiting system. The contributions 
mentioned above and those that followed them formed one direction for 
the application of limiting equations in qualitative analysis. The peculiar 
feature here is that the limiting system proves to be stationary. 
Another direction for the investigation of the stability of non-auto- 
nomous equations is due to Miller-Sell’s concept of considering a limiting 
system as a limit of translations (shifts) with respect to t (Z. Artstein, 
101 
0022-247X/88 $3.00 
Copyright ic) 1988 by Academic Press, Inc. 
All rights 01 reproductmn m any form reserved. 
102 MARTYNYUKANDKARIMZHANOV 
1976). This direction is represented by works of Z. Artstein (1976, 1977, 
1978); P. Bondi and V. Moauro (1976, 1977); J. Kato and T. Yoshizava 
(1976); D’Anna and A. Maio (1980); D’Anna and A. Monte (1979); 
P. Bondi, V. Moauro, and P. Visentin (1977); L. Hatvani (1983); and 
A. S. Andreev (1979, 1982, 1984). 
In Appendix A, “Limiting Equations and Stability of Non-autonomous 
Ordinary Differential Equations,” of J. P. LaSalle’s book (1976) Z. Artstein 
gave an account of some results obtained in this area. Here the emphasis is 
placed on the formulation of LaSalle’s principle of invariation and its 
development. In many works the authors try to find the conditions under 
which certain properties of boundedness, stability, and attraction of 
equilibrium, characteristic of a limiting system, will also characterize the 
initial system. 
The purpose of the present paper is to review results obtained on the 
basis of limiting equations in the process of investigating systems with and 
without small parameters but with a non-asymptotically stable zero 
solution of a shortened system. 
2. PROBLEMS OF INVESTIGATION 
2.1. We consider equations of perturbed motion, 
.-i =f(r, x) +/at, xl, f(f, O)=O, (2.1) 
where x E a”, p E (0, p*) is a small parameter, f E C[S, a”], y = J x Q, 
J=[O, +m), R=(xEW”: /lxll<H<co}. 
ASSUMPTION 1. (a) Vector functions f( t, x) and a(t, x) are defined in 
the domain y, are continuous, and satisfy the conditions of existence and 
uniqueness of solution of Cauchy problems for system (2.1). 
(b) f~ Lip,(L, a) (here and below this is uniform with respect to 
t E J) and for the system 
i =f(t, x) (2.2) 
there exists a continuously differentiable Lyapunov function (LF) v(t, x) 
providing for this system non-asymptotic stability of nonperturbed motion 
x = 0 uniform with respect o to. 
(c) There exists a vector function f”(t, x) such that foe Lip,(L, Q) 
for every number r E (0, H) uniform on XE {xEW”: IJx(I < <} a limiting 
correlation, 
lim ILO4 xl -f’(t, XXI = 0, (2.3) f--r +m 
holds. 
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(d) The general solution x’(t) = x”(t; to, x0) of system 
i=f”(t, x), xO(to; to, x0) =x0 (2.4) 
is known. Further this system will be referred to as a limiting system. 
(e) The inequalities 
w’(t> x)ll < M(t), Vt,,t,EJ,cJ (2.5) 
hold in the domain F-. 
Let us designate 
dO( t, x) = g + (Vu, j-0); P(4 x) = (Vu, WC xl), 
cp”( T, to, x0) = I”+ ‘q(t, xO(t; to, x0)) dt. 
fcl 
PROBLEM I. Refer to hypotheses (a)-(e) of Assumption 1 to establish 
additional requirements for system (2.1) which when satisfied provide the 
solutions x(t) with property A: for every E E (0, H) there exist positive 
numbers q(s) and po(.s) such that as soon as ljxoll < q and p E (0, po) for all 
t > to inequality [1x( t ; to, x0)11 < E holds, where x( t ; to, x0) is a solution of 
system (2.1). 
2.2. This section addresses the investigation of essentially non- 
linear systems 
i =f(4 x) + %(t, xl, 9,(t, 0) = 0. (2.6) 
ASSUMPTION 2. (a) Vector functions j(t, x) and w,(t, x) are definite 
and continuous and satisfy the Lipshitz condition with respect to x in the 
domain Y ; furthermore 
II%(c XNI G Nllxll’, IIV~l(~~ x)ll G N, l141d- l, (2.7) 
where cpi(t, x) = (Vu, T,(t, x)), r > 1, d > r, N, N, are positive constants, 
and cp,(t, x) E CFJ[S]. 
(b) The hypotheses (c)-(d) of Assumption 1 hold. 
(c) There exists a continuously differentiable LF, o(t, x), for system 
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(2.4) which provides this system with the stability of non-perturbed motion 
x=0, uniform with respect to t,. 
PROBLEM II. Establish sufficient conditions of uniform asymptotic 
stability of non-perturbed motion x=0 for system (2.6). 
2.3. The motion of some controlled mechanical system described 
by a system of ordinary differential equations of the type 
i=J(t,x)+9qt,x,u), B?*(t, 0,O) = 0, (2.8) 
where u E @ c .%Y, is considered. 
ASSUMPTION 3. (a) For systems (2.2) and (2.4) the hypotheses (b)-(d) 
of Assumption 1 hold. 
(b) Vector functions f(t, x) and B1(t, x, U) in domains .Y and 
Y x %, respectively, satisfy the conditions of existence and uniqueness of 
the solution of Cauchy problems for system (2.8) where @! is a set of all 
continuous vector functions u(t, x) defined in domain Y. 
(c) Function cpz(t, x, U) = (Vu, 9&t, X, u)) is differentiable with 
respect o x, and inequalities 
IF%(L x, u)ll s N: llxllr’, (2.9) 
IIV~z(~, x u)ll <N: IIxlld’- ‘, (2.10) 
where r, > 1, d, > r,, and NT, N; are constants, hold. 
(d) The quality of the transitional process is characterized by the 
integral 
I= 
s m 4~ xCr1, uCt1) & 0 
(2.11) 
where o is a continuous non-negative function. 
Let us designate 
B[u; t, 4 ul = d + qgt, x, u) + o(t, x, u). (2.12) 
PROBLEM III. Find conditions on function u(t, x) and u,(t, x) under 
which the state x=0 of system (2.8) would be asymptotically stable and 
integral (2.11) would, minimize. 
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3. PRINCIPLE RESULTS 
3.1. This section addresses ystems with small perturbations. The 
following statement implies solution of Problem I: 
THEOREM 3.1. Let the hypotheses of Assumption 1 be satisfied in domain 
F. If there exist positive numbers p’, 6, I for any numbers a, /I 
(0 < a </I < H) such that for each couple (t’, x’), t’E J, a < IIx’II d b, one of 
the hypotheses 
(a) d(t’, x’) + pp(t’, x’) 6 0 when p < p’; 
(b) cp”( 7’, t’, x’) d -6T when T> I 
is satisfied. Then the solutions of system (2.1) possess property A. 
EXAMPLE 1. Let us consider a pendulum-type system, 
i’l =x2, 
1, = -a(t) x2-b(t) x1 -AC(t) dx2) + d(t) dx, )I, 
(3.1) 
where a(t) 3 0, b(t) > 0, c(t), d(t) are continuous functions such that 
lim,,, a(t) = 0, lim,, m b(t)=b,>O, r;(t)<O, O<c,<c(t)dc,, O<d,< 
d(t)<d,, lim,,, c(t)=c,, lim,,, d(t) = do, and q(xl), g(xZ) are regular 
functions of variables xi and x2, respectively, whose expansion begins with 
terms of at least the second power. 
In addition, gC2j + i) (xZ)IX2 =. > 0 and at least one of these coefficients 
is not zero. For a shorter system when p=O there exists LF 
v=f(x$ + b(t) x:) which satisfies the hypotheses of Theorem 3.1, and a 
general solution for the limiting system ii =x2, i2 = -bx, is readily 
obtained. Since there exists a definite negative mean value of the function 
q(t, x) = -xz(c(t) g(x2) + d(t) 4(x,)) obtained along with solutions of the 
limiting system, the hypothesis (b) of Theorem 3.1 will hold. Whether the 
other hypotheses are satisfied is easily verified. So the solutions of system 
(3.1) possess property A. 
3.2. An essentially non-linear system is discussed in this section. A 
solution of Problem II is implicit in the following statement: 
THEOREM 3.2. Let the following hypotheses be true in the domain F: 
(1) conditions of Assumption 2 are satisfied; 
(2) there exists coo > 0 such that /lVvll < w,; 
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(3) there exists positive constants 6, I and ,function c E K-class such 
that one of the inequalities 
(a) t;(t’, x’) + cpl(t’, x’) < -c(x’II); 
(b) j;;+“l cpl(t, x’(t; th, xb)) dt d -6T, llxlld for T, > 1 is satisfied 
for each couple (t’, x’) E F-. 
Then non-perturbed motion x = 0 of system (2.6) is uniformly asymptotically 
stable. 
EXAMPLE 2. Let us consider the equation of motion for a mathematical 
pendulum of variable length, 
g+m g - + - sin 0 + kZ( t) 8’ = 0. 
l(t) I(t) 
(3.2) 
Here 0 is the angle of pendulum deviation from the vertial axis, l(t) is the 
length of the mathematical pendulum such that I(t) E C’[J] is bounded, 
and lim,,, l(t)=l,, lim,,, i(t) = 0. The environment exerts a force 
known as environmental resistance -kv(v’), where v is the velocity of 
pendulum motion. 
The limiting system corresponding to a linear approximation of 
system (3.2), i = y, j = - gx/l,, where x = 13, y= 6 with function 
v = +( gx* + 1, y’), satisfies all hypotheses of Theorem 3.2. Therefore the 
state of pendulum equilibrium = tl= 0 is uniformly asymptotically stable. 
3.3. Controlled systems are discussed in this section. A solution of 
Problem III is obtained from the following statements. 
THEOREM 3.3. Let continuous functions v(t, x) and u,(t, x) exist in 
domain F such that 
(1) the hypotheses of Assumption 3 hold; 
(2) minus Q La[v; t, x, u] =%qv; t, xo[t], uo[t]] =o; 
(3) there exist positive numbers 6, 1 and function c E K-class such that 
for each couple (t’, x’) E F one of the conditions 
(a) dt’, x’, udt’l)2 c(IIx’II ); 
(b) j;:‘” cp2(t, x’(t; t’, x’), uo[t]) dt < -6T, JIx’lld is satisfied when 
T, > 1. 
Then vector of control u,(t, x) and LF v(t, x) solve Problem III. 
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4. DISCUSSION 
The definition of property A of solutions of system (2.1) is close to the 
definition of stability of non-perturbed motion x = 0 for system (2.2) under 
persistent disturbances. Note that in the case of R(t, 0) = 0 property A 
coincides with the definition of stability uniform on t,, for the non-pertur- 
bed motion of the system obtained by adding equation p =0 to system 
(2.1). In a particular case some results [ 8,9] known before follow from 
Theorem 3.1 at f(t, x) =f’(t, x). Theorem 3.1 by the force of the LF may 
be variable in sign unlike Lyapunov’s theorem on stability or Persidsky’s 
theorem on uniform stability. 
Note that the stability of system (2.2) is not required in Theorem 3.2, 
which is different from earlier results. In Theorem 3.3 the LF o(t, x) is 
chosen for system (2.2); the derivative of this function may be of constant 
sign through the force of system (2.8) for u’(t, x), unlike Krassovsky’s 
theorem [6]. 
Statements of the type of Theorem 3.2 could be obtained for the system 
of integro-differential equations of the type 
i=f(t,x)+ptR, r,x,j’X(r,s,x(s))ds ( 0 1 
as well as for large-scale systems with weakly bounded subsystems 
$=f.(t, Xi) + pR,(t, Xl, ..‘, x,), i = 1, . . . . m, 
where 
xi E Rnd, n, +n,+ . . . + n, = n. 
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